EXPLICIT EXPONENTIAL MAPS FOR HECKE CHARACTERS 
AT ORDINARY PRIMES 
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Abstract. Let E be an elliptic curve with complex multiplication by the 
ring of integers of an imaginary quadratic field K. The theory of complex 
multiplication associates E with a Hecke character The Hasse-Weil L- 
function of E equals the Hecke L-function of 5/1, whose special value at s = 1 
encodes important arithmetic information of E, as predicted by the Birch and 
Swinnerton-Dyer conjecture and verified by Rubin[Ru] when the special value 
is non-zero. For integers k,j, special values of the Hecke L-function associated 
to the Hecke character 'ip^-ip^ should encode arithmetic information of the Hecke 
character ip^'tp^ , as predicted by the Bloch-Kato conjecture[B-K]. When p is 
a prime where E has good, ordinary reduction, the p-part of the conjecture 
has been verified when j = 0[Ha] and when j ^ 0,p > fc[Gu]. To verify the 
conjecture in other cases, it is important to have an explicit description of the 
exponential map of Bloch and Kato. In this paper we provide such an explicit 
exponential map for the case j ^ 0, p \ k. 



Let K be an imaginary quadratic field with ring of integers Ok- Let E be an 
elliptic curve with complex multiplication by Ok^ and let 1]^ be the Grossencharacter 
associated to E by the theory of complex multiplication. For integers fc, j, we have 
the Grossencharacter — tp'^-ip^. The behavior of the Hecke L-function L{(p^^,s) 
at s = is predicted by the conjecture of Bloch and Kato. When k > —j > 0, 
L{(p^^,Q) / and E has good, ordinary reduction at p, the p-part of the Bloch- 
Kato conjecture is verified by using Iwasawa theory when j = 0[Ha] and when 
j ^ 0, p > k[Gu]. In order to study the remaining case (when j ^ 0, p < k), it is 
important to get an explicit exponential map for the p-adic representation from the 
Grossencharacter ip. Such an explicit exponential map is needed to describe the 
image of the exponential map and thus to get control of the Tamagawa number that 
appears in the Bloch-Kato conjecture. We will provide such an explicit exponential 
map (Theorem 2) in this paper. 

When j = 0, an explicit exponential map is given by Harrison [Ha], building on 
previous work of Bloch and Kato [B-K], and Fontaine [Fo2]. It is obtained by 
first finding an explicit reciprocity law for the height one Lubin-Tate formal groups 
and then using the fact that the p-adic representation from the Grossencharacter 
actually comes naturally from such a Lubin-Tate formal group. This is not the case 
when j ^ 0. However we will show that for p \ k, it is still possible to relate the 
p-adic character from tp to a formal group over a finite extension of K. Then an 
explicit exponential map can be obtained (Theorem 2). Once this is done, the p- 
part of the Bloch-Kato conjecture could be proved by an argument that is lengthy 
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and technical, but otherwise analogous to earlier work[Ha, Gu]. Thus we have 

chosen not to give the full details here. 

For good, ordinary primes p, the p-part of the Bloch-Kato conjecture of ip has 
been verified in [Gu] when p > k. Thus the explicit exponential map developed 
here is essential only for the finite many primes p < k,p \ k. The same method 
could be applied to the case when the character f is twisted by a finite character, 
i.e., to the case when we have a Grossencharacter over an imaginary quadratic field 
of class number one. More interesting, of course, is the case when the prime p is 
supersingular. This time the height of the formal group is two and until recently the 
only known explicit reciprocity law had been the one of Wiles [Wi] when k = l,j = 
0. Rubin[Ru] used this explicit reciprocity law and the Iwasawa main conjecture 
to verify the Birch and Swinnerton-Dyer conjecture in an important case. It is 
equivalent to the Bloch-Kato conjecture for the character ip when L{tp~^,0) ^ 0. 
In an important papcr[Ka], Kato formulated a very general explicit reciprocity 
law for Lubin-Tate formal group of any height. It apparently implies the explicit 
exponential map for the p-adic characters from tjj'^, p supersingular. It is our hope 
that, combining with Kato's result, the method of this paper would shed further 
light on the study of other characters at supersingular primes. 

In §1, notations will be introduced and the explicit reciprocity law of Harrison 
will be stated, together with other preliminary results. In §2 we prove a relation 
between the p-adic Hecke characters and the formal group characters for Lubin-Tate 
groups of height one (Proposition 2.1). With this relation we obtain an explicit 
exponential map for the p-adic characters (Theorem 2), which, in turn, enable us 
to, in essence, describe the image of the exponential map (Proposition 2.2). 

It should be clear that this work is based the ideas from [Fo2, Ha]. The author 
is indebted to their work. The author is also grateful to Karl Rubin for helpful 
discussions. 



1. Notations and preliminaries 

For each prime p of Q, let Qp be the algebraic closure of Qp, and let Q™ be the 
maximal unramified extension of Qp in Qp. Denote Cp (resp. Dp) for the completion 
of Qp (resp. Q™) and denote Ocp and On^ for the corresponding rings of integers. 
Let TT be a uniformiser of Qp and F be a one-dimensional Lubin-Tate module over 
Zp of height one for n. Let mp be the maximal ideal of and let F^n be the 
group of 7r"-torsion points of F(mp). Let L bo the finite unramified extension of 
Qp of degree d. Let F be the Frobenius. Then L(Fjrac)/L is a totally ramified 

-extension. Thus the action of Gq^ on F^oo gives rise to a continuous Galois 
character k : Gq^ with kernel Gi^(^p^^ ) . Let Qp(k") be the 1-dimensional Gl- 

representation over Qp induced from k", n G Z. Harrison[Ha] proved an explicit 
reciprocity law for Qp(«;"). We need more notation to formulate it. For more details 
see [de] and [Ha]. 

Let Gm be the formal multiplicative group. There is 9{T) e Cd^ [[?"]] giving 
a Zp-isomorphism from G^n onto F over Oup- We fix a coherent set of primitive 
p-power roots of unity (Cn)n>0) that is, Co = l)Ci ^,Cn+i = Cn for n > 0. Define 
TTn = 0^ "(Cn — ^) , n > 0. Then we have 7r„ G F^n/F^n-i and [7r]F(7r„) = 7r„_i. 
Let Af(T) e Hom(F,Ga) be the formal logarithm of F and let log(l + T) = 
ESo be the formal logarithm of Gm- Then Af(6'(T)) = Oplog(l -|- T). 
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Here Op e Oup satisfies flp = (K;((j)/xp(cr))0p, a e Gq^, and Xp is the p-cyclotomic 
character associated to the formal group Gm- 

Now write L„ for L(F7r»>), n > 0, Lq = L, and Ul^ for the units of Ol„ which 
are congruent to 1 modulo the maximal ideal. Define U^-^ — limUl^ where the 

inverse limit is with respect to the norm maps. For a norm coherent sequence 
u — (un) e of 1-units, let gu{X) G ©Lfi-'^]]^ be the Coleman power series such 
that '(TTi) = Ui, i>l and c/i*(0)^"-^ = uq. 

For fc > 1, the fc-th Coates- Wiles homomorphism (P'qj^^ : — > L is defined by 

k 



{u) = 



1 d 



log fifu (5^)1 r=o- 



(t>cw i^ ^ Zp-homomorphism and <;i^^(u'^) = K^{(j)(j)Q-^{u) foi a G Gl- 

Next wc define the reciprocity map. Define = Clpt G S^yg where t is the usual 
element of Scrys on which Gq^ acts via the p-adic cyclotomic character. Then we 
have = TTt^ and = K{a)t„, a G Gl- Multiplying each term of the exact 
sequence 



from [B-K, (1.13)] by 0^ we get the exact sequence 

^ Qp4 ^ Fil'^Bi,,. ^ 



Note that Qpt'^ = as GL-rcprcsentations. Thus the cohomology coboundary 

map from this exact sequence gives the reciprocity law 



(1) £={3+,,)^" ^H\LMk'')) 

Let G = Gal(Loo/-^)- By inflation-restriction map and local class field theory we 
also have the isomorphism 

- HomG(Gf^,Qp(K'=)) 
^ HomG(C/4„Qp(/«*=)), 

where G^^ is the largest abelian quotient of Gl^ • 

In [Ha] , Harrison proved the following explicit description of the reciprocity law 
from the equation (1). 

Theorem 1. Let L be a finite unramified extension of Qp and r > 1. Then, iden- 
tifying Qp(k'^) with Qpf^ C B+yg, the reciprocity law map from (1) 

d^:L = (B+yJ^- - H\LMk'')) - Hom(C/i,Qp(«'=)) 

is given by 

where Ttq^ is the trace map from L to Qp. 
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We next define 

l'S^(X) = log<?„(X) --Y1 log5„(X[+]A) 

= loggu{X)-hogg^{[7TUX)) 

Then \oggu{0{X)) e Oup[[X]] corresponds to an ©Dp-valued measure on Zp which 
is actually supported on = Gal(-Loo/-^)- Thus we can define an ©Dp-valued 
measure /i„ e Odp[[G]] on G = Gal{Loo/L) by 

]^u{e{X))= [ (i + xr^-^^di^uicr) 
Jg 

and extend it to a measure on ^ = Gal (Loo /Qp)- 
Following Harrison we define 

and 

The following equations are proved in [Ha]. For A; > 1, 

(2) K^X) = htiX) - lI^{htf([nUX)) 

(3) - —[<l^'cw{^)f = I K{afd^u{<r) 

P Jg 

Jg 

Here Ci is a primitive p-th root of unity. 

We next summarize basic properties of anomality. 

Proposition 1.1. Let L he the unramified extension o/Qp of degree d\ p—1. Let 
F he the Frobenius element of Gal(L/Qp). Let e he the cyclotomic character of 
order d. For any integer N > 0, the following statements are equivalent. 

1. /Xpiv C L(F^oo). 

2. = Imodp^. 

3. ^ = e(F)'^modp^, for some > 0, where F is the Frobenius element of 

Gal(Qp(^d)/Qp). 

// one (hence all) of the above conditions holds then we also have 

4. Xiv(o-) = K{a) modp^, for a € Gal(L(F^oo)/L), where Xn ■■ Q ^ {Z/p^'LY 
is the character giving the action o/Gal(L(F7r°o)/i) on fipN . 

5. XAr((7) = e^{a) modp^, for a S Gal(L(F7r°o)/L) and for the integer S in 
statement 3. 
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We define the index of anomality of over L to be the largest integer N in the 
proposition. By local class field theory, this exists for ^ Gm- 
Proof of Proposition: (1) <J=4' (2) is a consequence of local class field theory[de, 
1.3.7]. 

(2) <;===> (3) follows from the fact that Hd is a subset of Hp-i C and hence 
are distinct modulo p. 

(1) (4) is obtained from lifting a to a £ Gal(Qp/Qp") and applying it to the 

equation ttjv = 0^ "(Cjv — !)• Similarly for (5). For more details, see [de, Ha]. 

We have the fundamental exact sequence [de, 1.3.7] of C'Dp[[Gal(L(F7r°°)/-L)]]- 
modules 

(5) ^ f/i®z,OD, OD,[[Gal(L(F,^)/L)]] ^ (Od,/p^)(xjv) - 

where i obtained by first defining i(u) = /!„ for u £ U}^ and then extending linearly, 
j isgivenby = jgXN{(y)dii{a) regarding C'Dp[[Gal(L(F^oo)/L)]] as Od^- valued 
measures on Gal(L(F^oo)/L). 

2. Explicit exponential maps at ordinary primes 

Now we use the explicit reciprocity law (Theorem 1) to get an explicit exponential 
map for the Hecke character = at a good, ordinary prime p, that is, at a 

prime p where the associated elliptic curve -B/Q has good, ordinary reduction. Fix 
an embedding ip : Q Qj, and let Vp be the associated place of Q above p. For 
u S Zp , let < u > be the projection of u onto the direct factor 1 + Zp of Z^ . 

Theorem 2. Letp he an ordinary prime, p\k. Let p he the prime of K with Vp\p 
and let Lpp he the p-adic character associated to tp. Let tt = ipip) < ■tl)~^{p) >^/'^ . 
Let L D Qp{E^j-~^^) he an unramified extension. The exponential map 

exp^ : L = DRLiQpiifp)) ^ H\L,Qp{ipp)) ^ Roma {Ui„Qp{ip^)) 

of Bloch and Ka,to [B-K, §3] . whose construction will be reviewed in the proof has 
the following explicit description. Denote fa = exp^(a) G H.omG{U^,Qp{(pp)) with 
aG L = DRLiQp{(pp)), then 

Here ipcw Coates-Wiles homomorphism (1) associated to the Luhin- 

Tate formal Zp-module for the uniformiser n, is a Qp-basis ofQp{(fp) and L is 
identified with DRL{Qp{ipp)) by at~^ ® T^. 

The proof of the theorem is based on the following relation between the p-adic 
Hecke characters and j>adic characters from Lubin-Tate formal groups. 

Proposition 2.1. Let tt he a uniformiser ofZp. Write w = up with m e Z^ . Let 

he the Lubin-Tate formal group associated to tt, k„ : Gq^ Z^ the character 
obtained from the Galois action on the n -power division points in F-^{V^^^). Then 

= i^p'ipp*, where r = igg°^p/'^j^^ + ^, t^e is the uniformiser for the Lubin-Tate 
formal group from the CM elliptic curve E. 
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Proof: Since and E = Fj^e are isomorphic over the maximal unramified exten- 
sion of Qp, KTrip~^ is an unramified character Gq^ — »■ , hence induces a character 

Gal(Qp"/Qp) ^ Z ^ Zp . Since ipp* : Gq^ is unramified and induces sur- 

jective map ^/'p. : Gal(Q;j7Qp) ^ Z Z^, there is / : Z^ ^ Z^ such that 
/ o ipp, = K.„tjj~^. Since Z^ is pro-cychc, / is of the form / : a; i— > a;'' for some 
r e Zp . Thus = i^pi^p* ■ By local class field theory, 

By the theory of complex multiplication, tpp* (tte) = p/t^e- Thus V'p* (ti") = il^p* (tte) - 
p/t^e and ^/'p(7r) = Vp*(7r)"'' = (p/ttb)"''. 

On the other hand. Since ipplwE) = 1, we have ippiir) = ippin/TTE)- Since E 
and Gm arc isomorphic over the maximal unramified extension of Qp, iJjpXp'^ is 
unramified. Thus we have iPp{-k/'Ke) = Xp{^/^e)- By class field theory[Ne, p. 63], 

ep^„^(-/--) = (^/^s,Qp)^p„ = [(7r/7r^)-i]G„ep. = e^:^/""^". 

So Xp{^/^e) = (tt/tt^)^!. Thus ^ = ^ = M^) = - (;^)^ and u = 

{p/'!^eY~^ ■ Taking the base p logarithm proves the proposition. H 
Proof of the Theorem: We first relate to a formal group character. Let 
TT = V-'(p) < >^^^, as defined in the theorem. Let be the corresponding 
formal group character, defined by the Galois action of Gq^, on the division points 
of the formal group F^. Since p = tp{p)'4'{p) and V'(p) = "^e, we have '^(p) = p/tte- 
By Proposition 2.1, if tt = pip/iTEY with r G Z^ , then = ijjptjj'^^. Let r' e Z^ 
be chosen with ( — =< — >, then we get 

Thus = V'pV'p* "''^'^^ and = V'p(V'p*)^~''^- Note that multiplication by r' is 
the projection of Z^ onto the factor 1 + Zp. Thus is trivial on the prime to p 
part of the Galois group Gal(Qp(i?(p.-|oc )/Qp) and is the identity on the pro-p-part 
of this group. Therefore (jfp* is the same as V'p* regarded as characters on 

Thus K*^ = i^pi'p* on L. It follows that (g) T.^ is an element in DRL{Qp{(fp)). 

By definition, the exponential map Exp^ of Bloch and Kato[B-K] is defined to 
be the connecting homomorphism when we take G^-invariants of the exact sequence 
from [B-K] 

^ Qpiipp) A BiTji^p) © B+j,i^p) 4 BDRi'Pp) ^ 

where a is given by a{xT^) = {x®T^p^x®T^p) and (3 is given by (3{x®T^,t(i)T^) = 
((x — 2/)(g)T(p). We now choose x G B^^l{ipp) and y G B^^^ such that x — y = at~''. 
Then y = x - at~^ G B, 



crys ■ 

Let x\ = t^x, yi = t^y. Since y e FiPBcrys ^ Bcrys and G B^^.^^, we have 



''crys 



By definition, xf = n'^Xi. From x = y + at^'' we get x\ = yi + a G Fil'^Bcrys + 
B+y^ C FifB,rye. Also, 

G Fil'^'^B^rys + B+y, C Fil^B^rys, Vto > 0. 
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Now we show that yi € B+.ys- This would give yi G Fil'^B+.y^. As Bcrys = 
Us>ot~''B^^yg, there is s > with yi G t~^B^^yg. If s = we are done. If s > 0, 
then t^yi € -B^ys 

{t'yif"^ ^p"'Vyr e F^B^rys C Fil^B^rys. 

By [Fol, Prop. 4.14], this shows fyi e tB+y^. Hence t^-'^yi € B+y^. Repeat this 
process s times, we get j/i G B^^y^, as needed. 
By definition, for g G Gl, 

Expi(at-'= T^){g) = {x<^T^,y® T^f -{x®T^,y®T^) 
= {{x^T^Y -x®T^,{y®T^Y -y®T^). 

which is mapped to zero via /3. Hence it is an image of a. Thus {x®T^Y —x®T^ = 

{y «> -y®T^& %{^p) and 

Expi(at;'= ® T^){g) = {y ® T^f -y®T^ 

= t-\yl-y^)®T^ 

It is shown above that t/i G Fil'^B^^y^, hence (7r~'^F — l)j/i G S^j/s exact 
sequence 



^ ^ Fil'^S+y, ""-^ ' B+y, ^ 0. 
So j/f — j/i is the image of {'jt~''F — l)yi under the boundary map d^. But 
TT-'^Fyi = n-''F{xi - a) = Tr'^xf - n-''a^ = Xi - n-'^a^. 

So 

{ir-''F - l)yi = ■K-^F{xi - a) - (xi - a) 
= xi — Tr~''a^ — (xi — o) 
= a-TT-V. 

Thus 

Expi(at-'= ® T^)(.g) = <-'=(yf - yi) ® 

= i;'=a^((7r-'=f^-l)yi)(9) 
= t-'^d^Ja-7r'''a^){g). 

Composing it with the reciprocity map in local class field theory, and applying 
Theorem 1, we get, for u G U^, 

Exp^(ai-'= ® T^)(«) = ^^l-^Tv^J{a - ^)0^^]r^. 

We now consider L/Qp, an unramified extension of degree d\p—l. For application 
to the Bloch-Kato conjecture, L will be Qp{E^J.~,j'^). The degree is {p— l)/gcd{p — 

By local class field theory and Kummer theory L = Qp{a) where a = v}!'^ 
with u a unit of but not in (Qp )'' for any proper divisor r of d. In other words, 
u is of order d in /(Qp )''. As usual, for 1 < n < oo, define L„ = L(F^^). Define 
Q = Gal(ioo/Q), G = Gb1{L^/L), A = Gal(L(F^)/L), Ai = Gal(L(F^)/Qp) 
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and A' = Gal(-L/Qp). Then we have canonical isomorphisms ^ = GxA' = rx Ai, 
G = rxA, Ai = Ax A'. The related fields are shown in the following diagram. 




Let w = KttIa- Let e be the character induced from the action of A' on a. It 
is in fact the cyclotomic character of order d. These characters can be regarded as 
characters of Q acting trivially on F. From our choice of d, fjLd C Hp-i C Zp and 
are distinct modulo p. It follows from Proposition LI that the index of anomality 
iV of X is the largest A'' such that 7r/p = e{F)^ mod for some S, where F is the 
Frobenius of A'. If A'' > we choose S such that Q<S <d-l. 

We have canonical decomposition i/^, — ®(s,t)-aiod(d,p-i){Ulo)^^'^^ of C/^ on which 
Ai acts via e^w*. We can also decompose Li = ©o<*<p-2ii*^ into the l-dimensional 
i-eigenspaces of L\ with eigen-character w*. Choose a i-basis et of L^*^ such that 
et = 1 if f = and < U(p(et) < p — 2 for any t, whore ?p is the maximal ideal 
of Oli- This could be done by changing et by a power of p if necessary. Now 
Dp(F^) = Dp(^p) and if we identify Gal(Dp(F^)/Dp) with Gal(L(F^)/L) = A 
then LO is the cyclotomic character from the action on ^,p. Thus we can define the 
Gauss sum 

It is well-known that W(pj(G(t)) =t, 0<t<p — 2, where *Pi is the maxi- 
mal ideal of Dp(F^). Since G{t) and et are both in Dp(F^)(*' and have 
adic valuation between and p — 2, it follows that they must differ by a unit: 
G{t) = utet, ut e ©Dp' < t < p - 2. As L = eo<s<<^-lQpa^ we get the de- 
composition Li = ®(s,t)mod(d,p-i)-^i'''*^ of Li into eigenspaces = QpU^et of 
Li with eigen-character e^w*. 
For fc > 1, define 

Recall from section 1 that tti = 61^"' (Ci - 1), and e{X) G ODj[r]] is an Zp- 
isomorphism from Gm onto F^. (jj^ is a Zp-homomorphism. We will explicitly 
determine its image. This will be play an essential role in application to the Bloch- 
Kato conjecture. 
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Proposition 2.2. Let k>2. Define Nk = m.m{N, 1 + Vp{k - 1)}. Then 
MUL)=P~'' [®s^-s or t^i-feZpa*et Qp^'Zpa-^ei-k] 

If Ck is the lattice of Li which is the exact annihilator to ^^^^y ^fc(?7^) under the 
pairing 



TrX' :LixLi 



then 



/(fc-l)! 
/(/c - 1)! 



®t=0(p-l) '^pOi^^t 

' ®t^O,fc-l(p-l),or t=k-l,s^sP ^^pOC'e-t 

Proof: This is again similar to the j = case. Recall that 



if 7V = 



if TV^O 



iog5„(X) e Oj\\x\\. 



As in [de, 1.3.5.3], the properties of Qu imply that 4'kiu'^) = K{a)''[(j)k{u)]'^ for 
a E Q where we consider character on Q that is trivial on A'. Therefore 

if cr G A, we have 4>k{u") = u)^ {u)[(l)k{u)Y and so 0fc((C^4,)'-''''-') is contained in 

As (j)k is Zp-linear we have ?!'fc((t^io)^*'*^) = p''^'*ZpQ!*e(_fe for some rs,t S Z and 
so by G{t) = utCt, ut G O^p 

as a subset of Dp(Fot). Wc only need to compute the integers rg,*. 

We first decompose ODp[[G]] into eigenspaces for the eigen-characters w* of A 

OT^JG]]=®o<t<v-20^jnEt, 

with Et = X^creA '^~*(^)''' ^ ^p[^]- This enable us to write fiu as /i„ = 
^EtHu^t, fJ-u,t € CDp[[r]], considered as elements in Cdp[[G]]. For each <t < 
p — 2, define 



This map is Zp-lincar and hence can be extended to a Od -linear map from 
Ulo^ipO-Dj, to ©Dp • The decomposition of [/^ gives a decomposition of J/^^ZpCop 
into the sum of eigenspaces (C^<^)^*'*^(8>ZpCDp- From /;i„<T = (7/x„, cr G G, we 
see that for cr G A, /U„<',t = cu*{a)i^u,t and ipt{u'^) = w*((T)V't(w). Thus for 
u G (f/^ )'-'''*•' (XiZpC^Dp, we have tpn (u) = unless ti = t. Similarly from (j)cy^{u'^) = 
n'^{G)4)Qy^{it) = uj^{a)jl)'l,T^{u), cr G A, we obtain that <t>cw{''^) = for m G 
(C/i)('''*'®ZpODp unless k = t modp - 1. 
By equation (4), 

cl>k{u) = {p^p)-^ I K{a)\f''^d^,^\a)+p-^c|)'hw{u) 
Jg 
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Since k{(jj) = K{a)K{'y) = w((t)«;(7), and for 7 e F, we have k(7) = 1 modp and 
Cr^"^^ = Cr^"\ we obtain 

(6) = {pQ^r'J^^it-knM^)]^'' +p-Vcv^M 

t 

Now if M e (?7io)^'''*^®ZpC'Dp with t ^ kmodp - 1, then (l>^.yy{u) = and 
ipti (w) = for ti 7^ t. So the previous equation imphes that (l)k{u) = {pflp)~''G{t — 
k)[ipt{u)]^ \ Hence 

On the other hand, if u S (t^i,)*-'''*^<8iZj,CDp with t = k mod p—l, then it is easy to 
see that cj^'^.^iu^) = [</>^iy(n)]- for r G A' = G(i/Qp) ^ G(L(F,oc)/Qp(F^oc))), 
so G i*, the eigenspace for the character x*, and 

Then equation (3) shows that 
Then equation (6) gives 

Mu) = {p%)-'^[Mu)f" +p-%H^ - jr'M^)- 

It remains to determine ^t{{Ul^)^'^'*^ ^EpODp)- Since Xjv(o') = €~^{a) modp^ 
by Proposition 1.1, the exact sequence (5) 

- C/i®z,OD, ^ OnAm ^ (OD,/p^)(Xiv) ^ 
induces exact sequences of Or>p [[r]]-modules 

if (s, ^ (-5, 1) mod {d,p-l) and 

^ (C/<^)(^'*)^z,Od, - OD,[[r]] ^ (Od,/p^)(«) - 
if {s,t) = (-5,1) mod {d,p-l). If (s,t) # (-5,1) mod (d,p- 1), then 

V't((«:^i)^^'*^®z,ODj = OD,. 
So M{Ui,)^^'*^)0-Dp = p-^G{t - k)Oup which means that 

If (s,t) = (— 5, 1) mod {d,p— 1), then the above exact sequence shows that 

V'l((C/i,)^-^''^®Z,ODjOD, 

= {P(k(7o)'= - 1) I P{X) e Od, [[X]], P(k(7o) -1)^0 mod p^} 

when we identify 0Dp[[r]] with Copii-'^]] by choosing a generator 70 of F with 
k(7o) = 1 + p and identifying 70 with 1 + X. Let Sn be the set of polynomials 
of degree n in Odp[[-^]] such that P{p) = modp^, then it is easily shown that 
P((1 +p)'' - 1) = mod p^'' for any P G Sn and that there is a P G S'w such that 
P((H-p)'' — 1) ^Omodp^'=+^. Since every element of ©Dp [[-'S^]] can be written as a 
product of a polynomial and a unit power series, the same is true for the set of power 
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series whose polynomial part has degree n. Therefore tpi{{U^Y~^'^^ ^ZpO^p) = 
p^". Thus ?!'fe((?7i>)^~'^'^^) = P^''~^'^pa~^ei^k- This proves the first statement. 

To prove the second statement, first note that Tr^^^ [a^ et) = unless s = t = 0. 
It then follows that Tr^^ia'^et ■ a^^ejj = unless s = —si and t = —t\ since 
a^et ■ of^eti € a^^^^et+i^ by definition. Finally, e\ = 1, and, for t ^ 0, since 
''-'pic-i.) = ''-'p{G{t)) = t, where p is the prime of Li, we get Wp(et • e_t) = p — 1 and 
hence Vp{et ■ e_t) = 1. The second statement follows from these facts and the first 
statement. H 
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